Abstract SO(11) gauge-Higgs grand unification is formulated in the six-dimensional hybrid warped space in which the fifth and sixth dimensions play as the electroweak and grand-unification dimensions.
phase θ H along the extra-dimensional space. It acquires a finite mass at the quantum level, independent of the cutoff scale.
In the EW interactions the SO(5) × U(1) gauge-Higgs unification in the five-dimensional Randall-Sundrum (RS) warped space has been formulated. [4] [5] [6] [7] It has been shown to give almost the same phenomenology at low energies as the SM for θ H < ∼ 0. As a next step it is natural to incorporate strong interaction to achieve gauge-Higgs grand unification (GHGU). The mere fact of charge quantization in the quark-lepton spectrum strongly indicates grand unification. Such attempts have been already made. gauge-Higgs EW unification are carried over. [12, 14] The breaking of the symmetry of grand unification is achieved there by imposing different orbifold boundary conditions at the UV and IR branes in the RS space. On the UV brane SO(11) is broken to SO(10), whereas on the IR brane to SO(4) × SO (7) . As a result the remaining gauge symmetry becomes SO(4) × SO (6) . The brane scalar in 16 of SO (10) is introduced on the UV brane, which spontaneously breaks SO(10) to SU(5), leaving the SM gauge symmetry as a whole. It is found that proton decay is strictly forbidden in the minimal model. The mass spectrum of quarks and leptons is realized in the combination of the Hosotani mechanism and SO(10)-invariant interactions on the UV brane.
However, as a consequence of the two distinct orbifold boundary conditions imposed on the UV and IR branes, there necessarily emerge light exotic fermions (û) of charge − 2 3 e.û has parity either (+, −) or (−, +). It does not cause a problem in flat space, but in the RS space its mass mû turns out to be about m u cot 1 2 θ H , which contradicts with the observation for θ H ∼ 0.1. The problem is unavoidable in the five-dimensional RS space. [14] Furthermore it is difficult to naturally explain small masses of neutrinos.
To overcome these difficulties we propose gauge-Higgs grand unification in the sixdimensional hybrid warped space. Consider six-dimensional spacetime with a metric
where η µν = diag (−1, 1, 1, 1), σ(y) = σ(y + 2L 5 ) = σ(−y), and σ(y) = k|y| for|y| ≤ L 5 . We is expected to be a GUT scale, and therefore m KK 6 ≫ m KK 5 . Not all P j 's are independent.
It is easy to see that P 3 = P 2 P 0 P 1 = P 1 P 0 P 2 . Further loop translations along the fifth and
related by U 5 = P 1 P 0 = P 3 P 2 and U 6 = P 2 P 0 = P 3 P 1 .
We consider SO(11) gauge theory in the hybrid warped space. Gauge potentials satisfy
where P j or − P j ∈ SO(11) and (P j ) 2 = 1. We take, in the vectorial representation,
The choice P 0 = P 1 and P 2 = P 3 enables us to avoid light exotic particles in the warped space. SO (11) is reduced to SO(4) × SO (7) by (P 0 , P 1 ), and to SO(10) by (P 2 , P 3 ). As in the 5d model, the orbifold boundary conditions reduce SO(11) to SO(4) × SO(6). In the representation of the SO(11) Clifford algebra in Ref. [14] , the corresponding P j 's in the spinorial representation are given by
Four fermion multiplets in the spinor representation, Ψ 
where η α j = ±1. We impose the 6d Weyl condition such that γ and all right-handed SU(2) L singlets are in 16. The zero mode structure is the same as in the 5d model of Refs. [12, 14] . The exotic particle components encountered in the 5d model, denoted by theˆsymbol there, have all P 0 = P 1 = −P 2 = −P 3 . Fields with P 0 = P 1 = −P 2 = −P 3 are expanded in Fourier series of either cos(n+ 1 2 )v/R 6 or sin(n+ There are brane fields defined on the UV brane at y = 0. A single brane scalar field in the spinor representaion of SO (11), Φ 32 (x, v), is introduced. Its VEV, w/ √ πR 6 , spontaneously breaks SO(11) to SU(5). As a result SO (11) is reduced to the SM symmetry,
One needs to assume only w ≫ m KK 5 . We note that the SO(11) gauge invariance on the UV brane is demanded as the brane covers the bulk region 0 < v < πR 6 . Φ 32 satisfies the boundary condition at the one loop level.
The action of a fermion field Ψ in 6d bulk is given by 
whereD ± (c) = ±D z +(c/z). We stress that the bulk vector mass term Ψicσ ′ (y)Γ 6 Ψ precisely plays the role of the bulk scalar mass in the 5d GHGU in the RS space.
The parity P 0 = P 2 = +1 components of the 6d bulk fermion fields, Ψ interactions and Ψ 11 Ψ 11 terms, which will be reported separately. In the present paper we focus on the neutral fermion sector, and show how small neutrino masses are generated by a new seesaw mechanism.
SO(11) singlet, eight-component brane fermions χ β (x, v) (β = 1 ∼ 3) are introduced on the UV brane for three generations.
For the sake of simplicity in notation we suppress the generation index α, β hereafter. With χ written in terms of two-component spinors as χ = (ξ + , η + , ξ − , η − ), the orbifold boundary condition implies that only ξ + and η − have zero modes (v-independent modes). Recall that charge conjugation C in six dimensions is given by
. χ lives on the five-dimensional brane so that one can impose the simplectic Majorana condition 
Mχχ .
The relevant fields determining the observed neutrino are χ, ν ′ and ν of (ν, e) which is an SU(2) L -doublet and SU (2) Due care must be taken in deriving mass eigenvalues, as ν and ν ′ are 6d fields whereas χ is a 5d field. Before giving rigorous treatment, it is instructive to present an effective theory in four dimensions. Let (ν 0L , ν ′ 0R , η 0L ) be canonically normalized 4d fields associated with the zero modes of (ν, ν ′ , χ). In perturbative expansion
where c 32 is the bulk vector mass parameter of Ψ 32 and the mode function u
With θ H = 0, ν and ν ′ mix by the Hosotani mechanism, generating an effective Dirac mass
0R ν 0L ) just as other quark and lepton pairs do. Then the mass terms are written as 
which is identified as the small neutrino mass. This should be compared with the seesaw mechanism in four dimensions [16] which is typically characterized by a 2 × 2 matrix in each generation. Note that the Majorana mass M appears in the numerator of (8) . In the gauge-Higgs grand unification, an effective Majorana massm
To confirm the above picture and derive a precise formula, we return to the equations in the six-dimensional hybrid warped space. Each field is expanded in a Fourier series in the sixth coordinate v. Only fields with P 0 P 2 = P 1 P 3 = +1 have zero modes. All other modes have large masses ≥ 
Here
. ν L and ν ′ R are parity even at y = 0 and L 5 , whereas ν R and ν ′ L are parity odd. It follows from (9) that at y = ǫ
where
develops a discontinuity at y = 0 due to the brane interaction with η L .
At this stage it is convenient to move to the twisted gauge in which (ν,ν iα ν ′ C R (z; λ, c)
where c = c 32 ,
C L = C R = 1 and S L = S R = 0 at z = z L . f R,L satisfy σ∂f L = kλf R ,σ∂f R = kλf L and f c L = f R . α η is taken to be real. It follows from (10) that K(α ν , α ν ′ , α η ) t = 0 where
If the estimate u would appear, which may be understood as a result of the mixing among ν ′ R and η c L . In this paper the SO(11) gauge-Higgs grand unification has been formulated in the sixdimensional hybrid warped space. The seesaw mechanism for neutrinos naturally emerges, whose structure is characterized by a 3 × 3 mass matrix. Details, concerning the spectrum of quarks and leptons, evaluation of V eff (θ H ), and dynamical EW symmetry breaking, will be reported separately.
